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VANISHING CONDITIONS ON WEYL TENSOR FOR EINSTEIN-TYPE
MANIFOLDS
BENEDITO LEANDRO1
Abstract. In this paper we consider an Einstein-type equation which generalizes im-
portant geometric equations, like static and critical point equations. We prove that a
complete Einstein-type manifold with fourth-order divergence-free Weyl tensor and zero
radial Weyl curvature is locally a warped product with (n − 1)-dimensional Einstein
fibers, provided that the potential function is proper. As a consequence, we prove a
result about the nonexistence of multiple black holes in static spacetimes.
1. Introduction
A smooth Riemannian manifold Mn with smooth metric g in which
fRic = ∇2f + hg,(1.1)
where f, h :M → R are smooth functions is called an Einstein-type manifold. So we named
(1.1) Einstein-type equation. Here, Ric and ∇2 are the Ricci tensor and the Hessian for the
metric g, respectively.
A simple calculation from (1.1) gives us
fR = ∆f + nh,(1.2)
where R is the scalar cuvature for g and ∆ represents the Laplacian.
The reasoning behind the use of (1.1) and (1.2) is that they generalize several important
geometric equations:
• Static vacuum Einstein equation with null cosmological constant (cf. [14]):
fRic = ∇2f and ∆f = 0.(1.3)
• Static vacuum equation with non null cosmological constant (cf. [3]):
fRic = ∇2f +
Rf
n− 1
g and ∆f +
Rf
n− 1
= 0.(1.4)
• Static perfect fluid equation (cf. [24]):
fRic = ∇2f +
(µ− ρ)f
n− 1
g and ∆f +
(n− 2)µ+ nρ
n− 1
= 0,(1.5)
where µ and ρ are, respectively, the density and pressure smooth functions. More-
over, the energy condition implies that µ ≥ |ρ|.
• Critical point equation (cf. [4]):
(1 + f)R˚ic = ∇2f +
Rf
n(n− 1)
g and ∆f +
Rf
n− 1
= 0,(1.6)
where R˚ic stands for the traceless Ricci tensor.
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• Miao-Tam equation (cf. [17]):
fRic = ∇2f +
Rf + 1
(n− 1)
g and ∆f +
Rf
n− 1
=
−n
n− 1
.(1.7)
The notion of Einstein-type manifolds is widely explored in several papers (cf. [13]).
Catino et al. [13] provided a more general Einstein-type equation and classified it under the
Bach-flat condition. However, the case of Einstein-type equation that we are assuming here
was already considered by Qing and Yuan [21] under the same Bach-flat condition, so we
have taken a different approach.
In the 3-dimensional case, Qing and Yuan [21] proved that if the Cotton tensor is third-
order divergence-free (that is, completely divergence-free), then a CPE manifold must be
isometric to the round sphere, and they also get a classification for a static metric. Since
the 3-dimensional case was already considered, we have decided to focus in n ≥ 4.
Divergence conditions on Weyl have been investigated throughout the years (cf. [10, 12,
14, 21, 25, 26]). Mathematically, this hypothesis is more natural than asymptotic flatness
condition. Moreover, harmonicity has connections with conservation laws in physics.
In this paper we will explore divergence conditions on Weyl for an Einstein-type mani-
fold satisfying (1.1) and (1.2). First, we will define a harmonic Weyl curvature when the
divergence of the Weyl tensor vanishes, i.e.,
divW = 0.
In what follows, we will consider that a Riemannian manifold (Mn, g) has zero radial
Weyl curvature if
W (·, ·, ·, ∇f) = 0.(1.8)
Catino [10] used this additional hypothesis to classify generalized quasi-Einstein metrics
with harmonic Weyl tensor. Furthermore, he proved that this additional hypothesis can not
be removed.
Without further ado, we state our main results.
Theorem 1. Let (Mn, g, f, h), n ≥ 4, be a smooth compact Riemannian manifold satisfy-
ing (1.1) and (1.2) with zero radial Weyl curvature and fourth-order divergence-free Weyl
tensor, i.e., div4W = 0. Then (Mn, g) has harmonic Weyl tensor.
An immediate consequence of Theorem 1 is the following result, which was previously
provided by Baltazar in [4]. Here, the demonstraion is different and follows from Theorem
1 and Theorem 1.2 in [26]. It is important to remember that, if a manifold has harmonic
Weyl tensor and constant scalar curvature, then its curvature is harmonic.
Corollary 1. [4] Let (Mn, g, f), n ≥ 4, be a CPE metric (1.6) with zero radial Weyl
curvature satisfying div4W = 0. Then (Mn, g) is isometric to a standard sphere.
Now we will concentrate our efforts to analyze the noncompact Einstein-type manifold
(1.1) with vanishing conditions on Weyl. The demonstration follows a similar strategy used
in Theorem 1.2 and Theorem 1.3 of [12].
Theorem 2. Let (Mn, g, f, h), n ≥ 4, be a Riemannian manifold satisfying (1.1) and
(1.2) with zero radial Weyl curvature satisfying div4W = 0. In case f is proper, (M, g) has
harmonic Weyl curvature.
As a consequence, we have the next theorem.
Theorem 3. Let (Mn, g, f, h), n ≥ 4, be a complete Riemannian manifold satisfying (1.1)
and (1.2) with zero radial Weyl curvature satisfying div4W = 0. In case f is proper, around
any regular point of f , the manifold is locally a warped product with (n − 1)-dimensional
Einstein fibers.
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Using another approach, Hwang et al. [27] proved that the static triple and the CPE
metric have harmonic Weyl tensor provided that the Bach tensor and the Weyl tensor are
completely divergence-free. In this paper, the Einstein-type manifold we are working with
reaches another cases, like perfect fluid spacetime. So, in that sense, this piece has a broader
appeal.
Let us give a physical application of our main result, Theorem 2. In fact, the following
corollary is a consequence of Theorem 2, and Theorem 1 in [14] (see also [27]).
Corollary 2. Let (Mn, g, f), n ≥ 4, be a static triple satisfying (1.3) with zero radial Weyl
curvature and fourth-order divergence free Weyl tensor. In case f is proper, there are no
multiple black holes in (M, g).
The static spacetime (M, g) has no multiple black holes when its horizon f−1(0) = ∂M
is connected. Moreover, we can assume the static triple (M, g) is connected and complete
up to the boundary in such way that g and f extend smoothly to the boundary ∂M .
Existence and multiplicity of black holes are a big deal in general relativity (cf. [2, 14, 15]
and the references therein). It is well known that the Schwarzschild metric is a non trivial
example of a static vacuum spacetime with harmonic curvature in all dimensions (cf. [23]).
However, this is not the only example.
Example 1. This is a very important example, we can find an analysis of the following
metric in [6], page 271.
Let (Σ, gΣ) be any compact (n−1)-dimensional Einstein manifold with RicΣ = (n−2)gΣ,
and the warped product metric is determined by
ds2 = dt2 +
4f ′(t)2
(n− 2)2
dθ2 + f(t)2gΣ on R
2 × Σ,
where
f ∈ [0, +∞); f(0) = 1, f ′(t) > 0 and f ′(t)2 = 1− f(t)2−n.(1.9)
We have that (R2 × Σ, ds2) is complete and Ricci-flat, and the spacelike hypersurface
R
+ × Σ, with metric
g˜ = dt2 + f2(t)gΣ,(1.10)
is a solution to (1.3), with 2
n−2f
′(t) as a potential function. Therefore, the solution is
smooth up to the horizon Σ, and complete away from it. Moreover, we can consult [14] to
see that (R+ × Σ, g˜) has a harmonic curvature.
Since Σ is an Einstein manifold, the explicit formula of the Weyl tensor for a warped
product manifold (1.10) allows us to deduce that (R+×Σ, g˜) has zero radial Weyl curvature
(cf. [8] as a good survey of Weyl formulas).
The metric (R+ × Σ, g˜) is asymptotic to the complete Euclidean cone on (Σ, gΣ), but
is asymptotically flat only in the case that (Σ, gΣ) = S
n−1(1), corresponding to the n-
dimensional Schwarzschild metric (cf. [23]). In fact, if we set f = r and express t as a
function of r, we have
ds2 =
dr2
1− r2−n
+ 4
1− r2−n
(n− 2)2
dθ2 + r2gΣ.
In physics, the asymptotically flatness assumption is more often used. Nevertheless,
mathematically the asymptotically flat assumption restricts the topology and geometry of
the static spacetime outside a large compact set (cf. [14] and the references therein). There-
fore, the harmonic curvature condition can be more natural, at least, from a mathematical
perspective.
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2. Background
Now we interrupt our analysis a while to recall a little bit about generalized quasi-Einstein
metrics.
Definition 1. [10] A complete Riemannian manifold (Mn, g), n ≥ 3, is a generalized
quasi-Einstein manifold, if there exist three smooth functions f , µ, h on M , such that
Ric+∇2f − µ df ⊗ df = hg.(2.1)
Considering u = e−f and µ = 1, we rewrite (2.1) like
Ric−
1
u
∇2u = h g,(2.2)
which is, essentially, equation (1.1).
A generalized quasi-Einstein manifold with zero radial Weyl tensor and harmonic Weyl
tensor must be locally a warped product with (n− 1)-dimensional Einstein fibers (cf. [10]).
2.1. Structural Lemmas. We would like to introduce this section by evoking some im-
portant formulas that we will need. Here we used the convention stablished by Cao et al.
in [9].
• Weyl tensor:
Wijkl = Rijkl −
1
n− 2
(Rikgjl −Rilgjk +Rjlgik −Rjkgil)
+
R
(n− 1)(n− 2)
(gikgjl − gilgjk) .(2.3)
• Cotton tensor:
Cijk = ∇iRjk −∇jRik −
1
2(n− 1)
(∇iRgjk −∇jRgik) .(2.4)
• Bach tensor:
Bij =
1
n− 3
∇k∇lWikjl +
1
n− 2
RklWikjl .(2.5)
The Weyl tensor has the same symmetries of the curvature tensor. Moreover, the Weyl,
the Cotton and the Bach tensors are totally trace-free. From a straightforward computation,
we can see that the Cotton tensor C satisfies:
Cijk = −Cjik, Cijk + Cjki + Ckij = 0.(2.6)
Moreover, from the definition of the Cotton tensor we can also infer
∇sCijk = ∇s∇iRjk −∇s∇jRik −
1
2(n− 1)
(∇s∇iRgjk −∇s∇jRgik) .
Contracting over i and s we get
∇iCijk = ∆Rjk −∇
i∇jRik −
1
2(n− 1)
(∆Rgjk −∇k∇jR) .(2.7)
Since from commutation formulas (cf. [11] for instance), for any Riemannian manifold
we have
∇i∇jRkl = RijksRsl +RijlsRks +∇j∇iRkl.
Hence,
∇i∇jRki = RijksRsi +RijisRks +∇j∇iRki.
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From the contracted second Bianchi identity
1
2
∇iR = g
jk∇jRki,(2.8)
we get
∇i∇jRki = RijksRsi +RjsRks +
1
2
∇j∇kR.(2.9)
We can conclude from (2.7) and (2.9) that
∇iCijk = ∇
iCikj .(2.10)
Then, from (2.6) we get
∇iCjki = 0.(2.11)
Furthermore, the Cotton tensor is related to the Weyl tensor in the following manner:
Cijk = −
n− 2
n− 3
∇lWijkl .(2.12)
Thus, from (2.5) and (2.12) we obtain
Bij = −
1
n− 2
∇kCikj +
1
n− 2
RklWikjl .(2.13)
Also, it is easy to verify from (2.6) and (2.10) that Back tensor is symmetric.
Another important result was once proved by Cao and Chen (cf. Lemma 5.1 in [9]):
∇jBij =
n− 4
(n− 2)2
CijkR
jk.(2.14)
Now we need to prove a fundamental equation for this work. In a Riemannian manifold
M it is possible to relate the curvature with a smooth function using the Ricci identity:
∇i∇j∇kf −∇j∇i∇kf = Rijkl∇
lf.(2.15)
From (1.1), it is easy to see that
∇ifRjk + f∇iRjk = ∇i∇j∇kf +∇ihgjk.
Thus, from (2.15) we get
∇ifRjk + f∇iRjk = ∇j∇i∇kf +Rijkl∇
lf +∇ihgjk.
Contracting the above identity under i and k, and using (2.8) we obtain
1
2
f∇jR = ∇j∆f +∇jh.
Now from (1.2) we gather that
∇ih =
1
n− 1
(
R∇if +
1
2
f∇iR
)
.(2.16)
Lemma 1. Let (Mn, g, f, h) be a smooth Riemannian manifold satisfying (1.1) and (1.2).
Then,
fCijk = Wijkl∇
lf +
1
n− 2
(
Rjl∇
lfgik −Ril∇
lfgjk
)
+
R
n− 2
(∇ifgjk −∇jfgik) +
n− 1
n− 2
(∇jfRik −∇ifRjk).
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Proof. We star by taking the derivative of (1.1) and using the Ricci identity (2.15)
∇ifRjk −∇jfRik + f(∇iRjk −∇jRik) = Rijkl∇
lf + (∇ihgjk −∇jhgik).
From the above equation and (2.16) we get
∇ifRjk −∇jfRik + f(∇iRjk −∇jRik) = Rijkl∇
lf +
R
n− 1
(∇ifgjk −∇jfgik)
+
f
2(n− 1)
(∇iRgjk −∇jRgik).
Now the Cotton tensor gives us
fCijk = Rijkl∇
lf +
R
n− 1
(∇ifgjk −∇jfgik) +∇jfRik −∇ifRjk.
Finally, applying Weyl tensor (2.3) in the last identity we get the result. 
In what follows, we define
Tijk =
1
n− 2
(
Rjl∇
lfgik −Ril∇
lfgjk
)
+
R
n− 2
(∇ifgjk −∇jfgik) +
n− 1
n− 2
(∇jfRik −∇ifRjk).(2.17)
This tensor shares the same symmetries of the Cotton tensor. Thus, we can infer that
fCijk =Wijkl∇
lf + Tijk.(2.18)
Hereafter, we assume f(x) 6= 0 for any x ∈ M . However, it will not be an issue when
proving our results and this will become clear ahead.
Lemma 2. Let (Mn, g, f, h) be a smooth Riemannian manifold satisfying (1.1) and (1.2).
Then, we have
(n− 2)Bij = −∇
k
(
Tikj
f
)
+
n− 3
n− 2
Cjki∇
kf
f
+
Wikjl∇
kf∇lf
f2
.
Proof. From (2.13) and (2.18) we have
(n− 2)Bij = −∇
kCikj +R
klWikjl
= −∇k
(
Tikj
f
+
Wikjl∇
lf
f
)
+RklWikjl
= −∇k
(
Tikj
f
)
−
∇kWikjl∇
lf
f
+
Wikjl∇
kf∇lf
f2
−
Wikjl∇
k∇lf
f
+RklWikjl .
Now, using (1.1) and admiting that the Weyl tensor is trace-free we get
(n− 2)Bij = −∇
k
(
Tikj
f
)
−
∇kWikjl∇
lf
f
+
Wikjl∇
kf∇lf
f2
.
Finally, from (2.12) the result follows. 
Lemma 3. Let (Mn, g, f, h) be a smooth Riemannian manifold satisfying (1.1) and (1.2).
Then, we have
CjkiR
ik = (n− 2)∇i∇k
(
Tikj
f
)
− (n− 2)
1
f
Wikjl(R
ik∇lf +Ril∇kf).
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Proof. From Lemma 2 we have
(n− 2)∇iBij = −∇
i∇k
(
Tikj
f
)
+
n− 3
n− 2
∇iCjki∇
kf
f
+
∇iWikjl∇
kf∇lf
f2
+
n− 3
n− 2
Cjki
(
∇i∇kf
f
−
∇if∇kf
f2
)
+ Wikjl
[
1
f2
(
∇i∇kf∇lf +∇kf∇i∇lf
)
−
2
f3
∇if∇kf∇lf
]
.
Next, since the Cotton tensor is trace-free, from (1.1) and (2.11) we get
(n− 2)∇iBij = −∇
i∇k
(
Tikj
f
)
+
n− 3
n− 2
CjkiR
ik −
(n− 3)
f2(n− 2)
Cjki∇
kf∇if
−
∇iWjlki∇
kf∇lf
f2
+
1
f
Wikjl
[
1
f
(
∇i∇kf∇lf +∇kf∇i∇lf
)]
.
Furthermore, from (2.12) we have
(n− 2)∇iBij = −∇
i∇k
(
Tikj
f
)
+
n− 3
n− 2
CjkiR
ik +
1
f
Wikjl(R
ik∇lf +Ril∇kf).
Thus, from (2.14) the result follows. 
Lemma 4. Let (Mn, g, f, h) be a smooth Riemannian manifold satisfying (1.1) and (1.2).
Then, we have
1
2
|C|2 +Rik∇jCjki = (n− 2)∇
j∇i∇k
(
Tikj
f
)
− (n− 2)∇j
[
1
f
Wikjl(R
ik∇lf +Ril∇kf)
]
.
Proof. From Lemma 3 we have
Cjki∇
jRik +∇jCjkiR
ik = (n− 2)∇j∇i∇k
(
Tikj
f
)
− ∇j
[
(n− 2)
1
f
Wikjl(R
ik∇lf +Ril∇kf)
]
.
Furthermore, from the symmetries of the Cotton tensor we obtain
2Cjki∇
jRik = Cjki∇
jRik + Ckji∇
kRij = Cjki(∇
jRik −∇kRij).
Hence,
1
2
Cjki(∇
jRik −∇kRij) +∇jCjkiR
ik = (n− 2)∇j∇i∇k
(
Tikj
f
)
− ∇j
[
(n− 2)
1
f
Wikjl(R
ik∇lf +Ril∇kf)
]
.
Since the Cotton tensor is trace-free, the result follows. 
3. Proof of the Main Results
In what follows we will prove an integral theorem (cf. Theorem 4.1 in [12], see also
Proposition 2.3 in [21]).
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Theorem 4. Let (Mn, g, f, h), n ≥ 4, be a smooth Riemannian manifold satisfying (1.1)
and (1.8). For every ψ : R→ R, C2 function with ψ(f) having compact support in M , one
has
1
2(n− 1)
∫
M
|C|2ψ(f) = −
n− 2
n− 3
∫
M
ψ(f)
f
∇kf∇i∇j∇lWjkil .
Proof. From Lemma 4 we have
1
2
|C|2ψ(f) + ψ(f)Rik∇jCjki = (n− 2)ψ(f)∇
j∇i∇k
(
Tikj
f
)
− (n− 2)ψ(f)∇j
[
1
f
Wikjl(R
ik∇lf +Ril∇kf)
]
.
Integrating the above equation leads us to
1
2
∫
M
|C|2ψ(f) +
∫
M
ψ(f)Rik∇jCjki = −(n− 2)
∫
M
ψ′(f)∇jf∇i∇k
(
Tikj
f
)
+ (n− 2)
∫
M
ψ′(f)∇jf
[
1
f
Wikjl(R
ik∇lf +Ril∇kf)
]
.
Since W (·, ·, ·, ∇f) = 0, from Lemma 3 we obtain
1
2
∫
M
|C|2ψ(f) +
∫
M
ψ(f)Rik∇jCjki = −
∫
M
ψ′(f)∇jfCjkiR
ik.
Moreover, the Cotton tensor is trace-free. Hence, from (1.1) we get
1
2
∫
M
|C|2ψ(f) +
∫
M
ψ(f)
f
∇i∇kf∇jCjki = −
∫
M
ψ′(f)
f
∇jfCjki∇
k∇if.
So, integrating the right-hand side of the identity above gives us
1
2
∫
M
|C|2ψ(f) +
∫
M
ψ(f)
f
∇i∇kf∇jCjki =
∫
M
(
ψ′′(f)
f
−
ψ′(f)
f2
)
Cjki∇
if∇kf∇jf
+
∫
M
ψ′(f)
f
∇jf∇if∇kCjki +
∫
M
ψ′(f)
f
∇k∇jf∇ifCjki
=
∫
M
ψ′(f)
f
∇jf∇if∇kCjki +
∫
M
ψ′(f)
f
∇k∇jf∇ifCjki.
Knowing that the Hessian is symmetric, we have
2∇k∇jfCjki = ∇
k∇jfCjki +∇
j∇kfCkji = ∇
k∇jf(Cjki + Ckji) = 0.(3.1)
Now remember that the Cotton tensor is also skew-symmetric. Then, renaming indices we
get
1
2
∫
M
|C|2ψ(f) +
∫
M
ψ(f)
f
∇i∇kf∇jCjki =
∫
M
ψ′(f)
f
∇jf∇if∇kCjki
= −
∫
M
ψ′(f)
f
∇if∇kf∇jCjki = −
∫
M
∇iψ(f)
f
∇kf∇jCjki
=
∫
M
ψ(f)
f
∇i∇kf∇jCjki −
∫
M
ψ(f)
f2
∇if∇kf∇jCjki
+
∫
M
ψ(f)
f
∇kf∇i∇jCjki.
Thus,
1
2
∫
M
|C|2ψ(f) +
∫
M
ψ(f)
f2
∇if∇kf∇jCjki =
∫
M
ψ(f)
f
∇kf∇i∇jCjki.(3.2)
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Yet, an undesirable term remains. Now we can rewrite it by an integration as it follows.
∫
M
ψ(f)
f2
∇if∇kf∇jCjki = −
∫
M
(
ψ′(f)
f2
−
2ψ(f)
f3
)
∇jf∇if∇kfCjki
−
∫
M
ψ(f)
f2
∇j∇kf∇ifCjki −
∫
M
ψ(f)
f2
∇i∇jf∇kfCjki.
Thus, from (3.1) and the skew-symmetries of Cotton, we get
∫
M
ψ(f)
f2
∇if∇kf∇jCjki = −
∫
M
ψ(f)
f2
∇i∇jf∇kfCjki.
Since the Cotton tensor is totally trace-free, from (1.1) the above equation becomes
∫
M
ψ(f)
f2
∇if∇kf∇jCjki =
∫
M
ψ(f)
f
Rji∇kfCkji.(3.3)
Now, acknowledging that W (·, ·, ·, ∇f) = 0 and that Cijk is totally trace-free, a simple
computation from (2.17) and (2.18) yields
Rji∇kfCkji =
1
2
Ckji(R
ji∇kf −Rki∇jf) = −
n− 2
2(n− 1)
CkjiT
kji = −
(n− 2)f
2(n− 1)
|C|2.
Hence, from (3.2), (3.3) and the above identity we get
1
2(n− 1)
∫
M
|C|2ψ(f) =
∫
M
ψ(f)
f
∇kf∇i∇jCjki.
Finally, from (2.12) we get the result. 
Proof of Theorem 1: Assuming ψ(f) = f2, since M is compact, from Theorem 4 an
integration gives us
1
2(n− 1)
∫
M
f2|C|2 = −
n− 2
n− 3
∫
M
f∇kf∇i∇j∇lWjkil
= −
n− 2
2(n− 3)
∫
M
∇kf2∇i∇j∇lWjkil
=
n− 2
2(n− 3)
∫
M
f2∇k∇i∇j∇lWjkil .
Now assuming div4W = 0, we have C = 0, and from (2.12) we have a harmonic Weyl tensor.
✷
Proof of Theorem 2: Taking φ ∈ C3, a real nonnegative function with φ = 1 in [0, s],
φ′ ≤ 0 in [s, 2s] and φ = 0 in [2s, +∞] for a fixed s > 0; we have that f is proper. Thus, we
get that ψ(f) = f2φ(f) has compact support in M for s > 0. Then, by Theorem 4 we have
1
2(n− 1)
∫
M
f2φ(f)|C|2 = −
n− 2
n− 3
∫
M
φ(f)f∇kf∇i∇j∇lWjkil
= −
n− 2
2(n− 3)
∫
M
φ(f)∇kf2∇i∇j∇lWjkil
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Now assuming div4W = 0, integrating by parts and applying once more Theorem 4 we
obtain
1
(n− 1)
∫
M
f2φ(f)|C|2 =
n− 2
n− 3
∫
M
φ′(f)f2∇kf∇i∇j∇lWjkil
= −
1
2(n− 1)
∫
M
f3φ′(f)|C|2.
Therefore, ∫
M
f2|C|2[φ(f) +
1
2
fφ′(f)] = 0.(3.4)
Since, by definition, φ(f) = 1 in Ms = {x ∈ M ; f(x) ≤ s}, we have φ(f) +
1
2
fφ′(f) = 1 on
the compact set Ms. Hence, from (3.4) we get
0 ≤
∫
Ms
f2|C|2 = 0.
So, C = 0 in Ms. Thus, taking the limit (s→ +∞), we have C = 0 on M . So, the result
follows from (2.12). ✷
Proof of Theorem 3: Consider an orthonormal frame {e1, e2, e3, . . . , en} diagonalizing
Ric at a regular point p ∈ Σ = f−1(c), with associated eigenvalues Rkk, k = 1, . . . , n,
respectively. That is, Rij(p) = Riiδij(p). Since we have harmonic Weyl tensor and zero
radial Weyl curvature, from Lemma 1 we have T (p) = 0, i.e.,
∇jf [Rjj + (n− 1)Rii −R] = 0, ∀i 6= j.(3.5)
Without lost of generalization, consider ∇if 6= 0 and ∇jf = 0 for all i 6= j. Then we have
Ric(∇f) = Rii∇f , i.e., ∇f is an eigenvector for Ric. From (3.5), Rii has multiplicity 1
and Rjj has multiplicity n− 1, for all j 6= i. Moreover, if ∇if 6= 0 for at least two distinct
directions, from (3.5) we have that λ = R11 = . . . = Rnn and we also have ∇f as an
eigenvector for Ric.
Therefore, in any case we have that ∇f is an eigenvector for Ric. From the above
discussion we can take {e1 =
∇f
|∇f | , e2, . . . , en} as an orthonormal frame for Σ diagonalizing
Ric.
Now from (1.1) it is important to notice that
fRa 1 =
1
2
∇a|∇f |
2 + h∇af ; a ∈ {2, . . . , n}.(3.6)
Hence, equation (3.6) gives us |∇f | constant in Σ. Thus, we can express the metric g in the
form
gij =
1
|∇f |2
df2 + gab(f, θ)dθadθb,
where gab(f, θ)dθadθb is the induced metric and (θ2, . . . , θn) is any local coordinate system
on Σ. We can find a good overview of the level set structure in [7, 8, 9, 16].
Observe that there is no open subset Ω of Mn where {∇f = 0} is dense. In fact, if f
is constant in Ω, since Mn is complete, we have f analytic, which implies f is constant
everywhere. That being said, consider Σ a connected component of the level surface f−1(c)
(possibly disconnected) where c is any regular value of the function f . Suppose that I is
an open interval containing c such that f has no critical points in the open neighborhood
UI = f
−1(I) of Σ. For sake of simplicity, let UI be a connected component of f
−1(I). Then,
we can make a change of variables
r(x) =
∫
df
|∇f |
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such that the metric g in UI can be expressed by
gij = dr
2 + gab(r, θ)dθadθb.
Let ∇r = ∂
∂r
, then |∇r| = 1 and ∇f = f ′(r) ∂
∂r
on UI . Note that f
′(r) does not change
sign on UI . Moreover, we have ∇∂r∂r = 0.
Now, we can apply the warped product structure (cf. [8] see also the proof of Theorem
1 in [16]). Hence, considering
(Mn, g) = (I, dr2)×ϕ (N
n−1, g¯)
we have
W1 a 1 b =
1
n− 2
R¯a b −
R¯
(n− 2)(n− 1)
ga b.
Finally, since W (·, ·, ·, ∇f) = 0 we obtain that N is an Einstein manifold.
✷
Acknowledgement. The author would like to thank Joana Ta´bata for her careful reading,
relevant remarks and valuable suggestions.
References
[1] G. Albanese and M. Rigoli - A Schwarz-type lemma for noncompact manifolds with boundary and
geometric applications. Comm. Anal. Geom. 25 (2017) 719-749.
[2] M. Anderson - On the Structure of Solutions to the Static Vacuum Einstein Equations. Ann. Henri
Poincare´. 1 (2000): 995-1042.
[3] L. Ambrozio - On static three-manifolds with positive scalar curvature. J. Diff. Geom. 107.1 (2017):
1-45.
[4] H. Baltazar - On critical point equation of compact manifolds with zero radial Weyl curvature. Geom.
Dedicata (2017): 1-19.
[5] A. Barros, R. Batista, and E. Ribeiro Jr. - Bounds on volume growth of geodesic balls for Einstein
warped products. Proceedings AMS. 143.10 (2015): 4415-4422.
[6] A. L. Besse - Einstein Manifolds. Spring-Verlag, Berlin, 1987.
[7] H-D Cao and Q. Chen - On locally conformally flat gradient steady Ricci soliton. Trans. AMS, 364,
N. 5, (2012): 2377-2391.
[8] H-D Cao, X. Sun and Y. Zhang - On the structure of gradient Yamabe solitons. Math. Res. Lett. 19,
no. 04, (2012): 767-774.
[9] H-D Cao and Q. Chen - On Bach-flat gradient shrinking Ricci soliton. Duke J. Math. (2013): 1149-
1169.
[10] G. Catino - Generalized quasi-Einstein manifolds with harmonic Weyl tensor. Mathematische
Zeitschrift, 271, (2013): 751-756.
[11] G. Catino, P. Mastrolia, D. D. Monticelli and M. Rigoli - Conformal Ricci solitons and related inte-
grability condition. Advances in Geometry 16.3 (2016): 301-328.
[12] G. Catino, P. Mastrolia and D. D. Monticellia - Gradient Ricci solitons with vanishing conditions on
Weyl. J. Math. Pures Appl. 108 (2017): 1-13.
[13] G. Catino, P. Mastrolia, D. D. Monticellia and M. Rigoli - On the geometry of gradient Einstein-type
manifolds. Pacific j. math. 286 (2017): 39-67.
[14] S. Hwang, J. Chang and G. Yun - Nonexistence of multiple black holes in static space-times and weakly
harmonic curvature. Gen. Rel. Grav. 48.9 (2016): 120.
[15] W. Israel - Event horizons in static vacuum space-times. Phys. Review,vol. 164: 5,(1967): 1776-1779.
[16] B. Leandro and N. Sorlo´zano - Static perfect fluid spacetime with half conformally flat spatial factor.
Manuscripta Math., (2018): 1-13.
[17] P. Miao and L-F. Tam - Einstein and conformally flat critical metrics of the volume functional. Trans.
AMS. 363.6 (2011): 2907-2937.
[18] O. Munteanu and N. Sesum - On gradient Ricci solitons. J. Geom. Anal. (2013) 23: 539-561.
[19] S. Pigola, M. Rigoli, and A. Setti - A remark on the maximum principle and stochastic completeness.
Proceedings AMS. 131.4 (2003): 1283-1288.
[20] S. Pigola, M. Rigoli, and A.G. Setti -Maximum principles on Riemannian manifolds and applications.
Memoirs of the American Math. Soc. 822 (2005).
12 BENEDITO LEANDRO1
[21] J. Qing and W. Yuan - A note on static spaces and related problems. J. Geom. Phys. 74 (2013): 18-27.
[22] M. Rigoli and A. Setti-Liouville type theorems for ϕ-subharmonic functions. Rev. Mat. Iberoam. 17
(2001) 471-520.
[23] J. P. dos Santos and B. Leandro - Reduction of the n-dimensional static vacuum Einstein equation
and generalized Schwarzschild solutions. J. Math. Anal. Appl. 469 (2019): 882-896.
[24] Y. Shen - A note on Fischer-Marsden’s conjecture. Proceedings AMS. 125.3 (1997): 901-905.
[25] P. Wu - A Weitzenbock formula for canonical metrics on four-manifolds. Transactions AMS. 369:2,
(2017): 1079-1096.
[26] G. Yun, J. Chang and S. Hwang. - Total scalar curvature and harmonic curvature. Taiwan. J. Math.
18(5), (2014): 1439-1458.
[27] G. Yun and S. Hwang. - Vacuum static spaces with vanishing of complete divergence of Bach tensor
and Weyl tensor. arXiv:1812.11744v2 [math.DG] 1 Jan 2019.
1 Universidade Federal de Goia´s, CIEXA, BR 364, km 195, 3800, 75801-615, Jata´ı, GO, Brazil.
E-mail address: bleandroneto@gmail.com1
